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ON THE FINITE DIMENSION OF ATTRACTORS OF DOUBLY
NONLINEAR PARABOLIC SYSTEMS WITH L-TRAJECTORIES
Hamid El Ouardi
Abstract. This paper is concerned with the asymptotic behaviour of a class
of doubly nonlinear parabolic systems. In particular, we prove the existence
of the global attractor which has, in one and two space dimensions, finite
fractal dimension.
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∂u2
(u1, u2) in Ω × R
+ ,










where Ω is a bounded and open subset in Rd, with a smooth boundary ∂Ω.
Problems of form (P) arise in flow in porous media, nonlinear heat equation
with absorption, chemical isothermic reactions and unidirectional Non-Newtonian
fluids, see [4] . Therefore, it is important to obtain information about the existence
of the global attractor and its regularity.
In recent years, numbers of works have contributed to the study of the single
equation of the type (P). Where ai = Id, the elegant work [6, 7] plays a critical
role in this area. The method is extensively used in many other works; we refer the
readers to [1, 2, 3, 4, 5, 8, 9, 19] and the references therein. The basic tools that have
been used are a priori estimates, degree theory and super-subsolution method.
In [21], Miranville has considered the following single equation
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+ f(u) = g ,
with Dirichlet boundary condition and has obtained the existence of the global
attractor which has, in one and two space dimensions, finite fractal dimension.
Finally, we remind here that doubly nonlinear parabolic systems of the type
∂βi(ui)
∂t
− ∆ui = fi(, x, t, u1, u2) , (i = 1, 2)
have been studied by El Ouardi and El Hachimi [12] who obtained the global
attractor, the regularity and the estimates of Hausdorf and fractal dimensions.
Our aim in this paper is to extend the results of [12] and [21] to the more general
systems (P).
The outline of the paper is as follows: in section 1 we make some assumptions
and we prove the existence of the global attractor. In section 2 we show the
results on the regularity of the global attractor. Section 3 is devoted to the fractal
dimension using the method of l-trajectories.
1. Existence and uniqueness
1.1. Notations and assumptions.
Let Ω be a smooth and bounded domain in Rd, d ∈ {1, 2, 3}. Set for t > 0, Qt :=
Ω × (0, t), St := ∂Ω × (0, t) and also ((., .)) , ‖.‖, (., .) , |.| be respectively the scalar
product and the norms in V = H10 (Ω) and H = L
2(Ω).
Let bi, (i = 1, 2) be continuous functions with bi(0) = 0.





dsAi(s) · w = ai(s) · w , for all s, w ∈ R
d
(ds denoting the differential).
In the sequel, the same symbol c will be used to indicate some positive con-
stants, possibly different from each other, appearing in the various hypotheses and
computations and depending only on data. When we need to fix the precise value
of one constant, we shall use a notation like Mi, i = 1, 2, . . . , instead.




3(R), bi(0) = 0, (i = 1, 2) ,
γi ≤ b
′












1(Rd)d, ai(0) = 0, dsai , is bounded (i = 1, 2),
ci1 |s|
2 − βi ≤ Ai(s) ≤ di |s|
2 + ei, for all s ∈ R
d(i = 1, 2),
ai(s) · s ≥ ci2 |s|
2
(i = 1, 2),
dsai(s) · w · w ≥ ci3 |w|
2
, for all s, w ∈ Rd (i = 1, 2) .













sign(s)fi(s) ≥ ci4 |s|
pi+1 , for all s ∈ R, pi > 0, (i = 1, 2) ,
|fi(s)| ≤ ci5 |s|
pi+1 , for all s ∈ R, (i = 1, 2) ,













H ∈ C2(R × R ,
∂H
∂ui
(0, 0) = 0 , (i = 1, 2) ,












≤Mi , (i = 1, 2) .
(A5) d = 1, 2 or 3 when bi = ciId, ci > 0, and that d = 1, or 2 otherwise.




The following lemma are useful and used.
Lemma 1.1 (Ghidaghia lemma, cf.[19]). Let y be a positive absolutely continuous
function on (0,∞) which satisfies
y′ + µyq+1 ≤ λ ,










Lemma 1.2 (Uniform Gronwall’s lemma, cf. [27]). Let y and h be locally integrable
functions such that: ∃r > 0, a1 > 0, a2 > 0, τ > 0, ∀t ≥ τ
∫ t+r
t
y(s) ds ≤ a1 ,
∫ t+r
t
|h(s)| ds ≤ a2 , y





+ a2 , ∀t ≥ τ .
Lemma 1.3 (Theorem 2.4., cf. [21]). For every ϕ ∈ L2(Ω), the problem
− div(a(∇u)) = ϕ , u = 0 on ∂Ω ,
possesses a unique solution u such that u ∈ H10 (Ω) ∩H
2(Ω).
1.2. Existence theorem.
Theorem 1. Let (A1) to (A6) be satisfied. Then there exists a solution (u1, u2)















, ∀t0 > 0 .
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Proof. By Theorem 2 in [6] , we can choose u0i ∈ L























1) = 0 in QT ,
u01 = 0 on ST ,
b1(u
0














2) = 0 in QT ,
u02 = 0 on ST ,
b1(u
0
2)t=0 = b1(ψ0) in Ω .
We construct two sequences of functions (un1 ) and (u
n


















2 ) in QT ,(1.1)
un1 = 0 on ST ,(1.2)
b1(u
n


















2 ) in QT ,(1.4)
un2 = 0 on ST ,(1.5)
b2(u
n
2 )t=0 = b1(ϕ0 in Ω .(1.6)
We need Lemma 1.4 and Lemma 1.5 below to complete the proof of Theorem 1.
Lemma 1.4.
(1.7) ∀τ > 0, ∃ cτ > 0 such that ‖u
n
i ‖L∞(τ,T ;L∞(Ω)) ≤ cτ .
Proof. For n = 0, (1.7) is proved in [21], so suppose (1.7) for (n− 1).











































































































Setting yk,n(t) = ‖b1(u
n
1 )‖Lk+2(Ω) and using Holder inequality on both sides, we
have the existence of two constants λ > 0 and δ > 0 such that
dyk,n(t)
dt
+ λyp1+1k,n (t) ≤ δ,












As k → ∞, we obtain
|un1 (t)| ≤ cτ ∀ t ≥ τ > 0 .
The same holds also for un2 .
Lemma 1.5. ∀τ > 0, ∃ ci = ci (τ, ϕ0, ψ0) > 0:























Proof. Multiplying (1.1) by un1 and (1.4) by u
n

































pi+2 dx ≤ c′ .
But














dx ≤ c ,



















pi+2 dx ≤ c′ .
Whence Lemma 1.5.
From Lemma 1.4 and Lemma 1.5, there is a subsequence uni (i = 1, 2) with the
following properties:

























(by the compactness result of Aubin (see [24]). By Lemma 7 in [6], we have
χi = bi(ui). Moreover,






2 ) − fi(·, u
n
i ) → δi
∂H
∂ui





, ∀ r ≥ 1, ∀ τ ≥ 1. Taking the limit as n goes to +∞, we deduce
that (u1, u2) is a weak solution of (P).
1.3. Uniqueness.
Let (A1) to (A6) be satisfied. Then (P) has a unique solution (u, v) in QT .
Proof. Let u = (u1, u2) and v = (v1, v2) be solutions of (P), we have:
∂(b1(u1) − b1(v1))
∂t


















The difference wi = ui − vi satisfies
b′i(ui)w
′
i − div(ai(∇ui) − ai(∇vi)) + fi(ui) − fi(vi)














i − div(ai(∇ui) − ai(∇vi)) + fi(ui) − fi(vi)
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exp(2cT ) , ∀t ∈ (0, T ) .
Thus, we deduce that u1 = v1 and u2 = v2.
2. Global attractor
Proposition 1. Assuming that (A1)–(A6) hold, then the solution (u1, u2) of sys-
tem (P) satisfies






≤ c(r) , ∀t ≥ t0 + r .(2.1)
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Proof. Reasoning as in the proof of Lemma 1.4, we also have (2.0).










































pi+2 − c′ .(2.4)















pi+2 ds ≤ c(τ) .(2.5)
Multiplying the first equation of (P) by 1
δ1












































































pi+2 − c ≤
∫
Ω
Fi(ui) dx ≤ c |ui|
pi+2 + c .(2.10)







2 ≤ c(τ) , ∀t ≥ t0 + r .
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Remark 1. By Proposition 1 we deduce that there exist absorbing sets in Lσ1(Ω)×










, so we have the following
Theorem 2. Assuming that (A1)–(A6) are satisfied, then the semi-group S(t)
associated with the boundary value problem (P) possesses a maximal attractorA,



















































































































































































2 |∇θi| ≤M |∇θi|
2 +M ′ |θi|
4
.(2.17)












































≤ cy2 + c′.




ydt ≤ cτ , for any τ ≥ t0 .











dx ≤ c(r) , for any t ≥ r .






θ2i dx ≤ c(t0) , for any t ≥ t0 .



















= φi in Ω ,
ui = 0 on ∂Ω ,





(u1, u2) ∈ L
2(Ω), for every t > 0.
It follows from Lemma 1.3 that the problem (E) possesses a unique solution






3. Dimension of the global attractor A


























b′i(ui) |ui − vi|
2
dx .(3.1)
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Proof. Wet set wi = ui − vi , we have
d
dt
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Set ωi = [bi(ui)]
1





















We fix s ∈
(
0, l = 1
M2
)































































































































where ϕi ∈ L






































































































































































































































































Theorem 3. The global attractor A associated with (P) has finite fractal dimen-
sion.
Proof. It follows from Proposition 1 and Proposition 2 that the semigroup as-






. More precisely, we will take B2 = ∪t≥t0S(t)B2, where




and τ is such that t ≥ τ implies





use the l-trajectories method introduced by Málek and Pražák in [20]. Let l be
fixed as defined above, we introduce the space of trajectories Xl =
{
w = (u, v) :
(0, l) → H2, w is the solution of (P) on (0, l)
}
. We endow Xl with the topology of




. We then set Bl = {w ∈ Xl, w(0) = (ϕ0, ψ0) ∈ B2}. By construction




. This yields that Bl is a complete metric space,
and we define the operators Lt : Xl → Xl, t ≥ 0, by (Lt(w)) (s) = w(t+s), s ∈ [0, l],
where w is the unique solution of (P) such that w|[0.l] = w. We finally set L =Ll.
Finally if we express (3.12) in terms of l-trajectories, we get for all w1, w2 ∈ Bl
(3.19) ‖Lw1 − Lw2‖L2(0,l;V ) ≤ c ‖w1 − w2‖Xl ,












≤ c ‖w1 − w2‖Xl .
Furthermore, L is Lipschitz from Bl onto Xl, ∀t ≥ 0, and the mapping t → Ltw
is Lipschitz, ∀w ∈ Xl. Thanks to (3.19) and (3.20), it can be proved (see [20] for
the details of the proof) that the semigroup Lt possesses an exponential attractor
Ml on Bl, that Ml is compact for the topology of Xl, is positively invariant and
has finite fractal dimension.
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